Abstract. In order to analyze certain types of combinations of multiple recursive linear congruential generators (MRGs), we introduce a generalized spectral test. We show how to apply the test in large dimensions by a recursive procedure based on the fact that such combinations are subgenerators of other MRGs with composite moduli. We illustrate this with the well-known RAN-MAR generator. We also design an algorithm generalizing the procedure to arbitrary random number generators.
Introduction
The structure of a (uniform) random number generator generally consists of a finite state space Σ, together with a transition mapping T : Σ → Σ determining the evolution of the system, and an output mapping Φ : Σ → Q/Z.
Starting from an arbitrary seed σ 0 ∈ Σ, this generator produces a sequence We then define Λ d ⊂ R d as the inverse image, by the canonical mapping can :
of the subgroup of (R/Z) d generated by all differences between any two elements of Φ (d) (Σ). The structure of the lattice Λ d is indicative of the distribution of the set of all (overlapping) d-tuples of successive values of the generator. Determining the length of the shortest vector of the dual lattice Λ (d) to Λ d , the so-called spectral test, gives significant insight into this structure and the distribution properties of the corresponding generator [3, 5, 8] . However, if the action of T on Σ is not transitive, that is, if there exists some T -invariant, proper subset Σ ⊂ Σ, such a subset also defines a (sub)generator (Σ , T | Σ , Φ| Σ ), and one can, as above, consider its associated lattices Λ d . These will be contained, strictly in general, in the corresponding lattices defined by Σ. The question of the relative significance of the various lattices arises. In particular, if T is not one-to-one, then T (Σ), T 2 (Σ), . . . is a decreasing sequence of T -invariant subsets, ending with i T i (Σ), which is especially interesting, since it is precisely the set Σ r of recurrent states. If this set quickly attracts into it an arbitrary state, then the lattices associated with Σ r are more relevant to the behavior of the generator than those associated with Σ.
We will discuss this question for the class, defined in §3, of multiple recursive linear congruential random number generators (MRGs) with respect to an arbitrary modulus. As the linear generators considered are not assumed homogeneous, we show in §2 how their study can be reduced to that of corresponding homogeneous generators. Combination, as defined in §4, is a standard construction in the design of random number generators [6, 12] . Although the combination of MRGs is, in general, not a MRG, it is shown there that, in case of relatively prime moduli, it is a subgenerator of another MRG with modulus equal to the product of the component moduli, and which we will call their product MRG. One can then study the combined generator through this MRG since, in general, for any subgenerator of an MRG, there is a simple way to take advantage, in the task of determining the short vectors in Λ (d) , of the solution of the corresponding lower-dimensional problem (see [5, 8] for the case of LCGs). This is generalized to the case of arbitrary generators by means of the algorithms described in §7. We illustrate, in §6, our discussion with a well-known generator proposed by Marsaglia, Zaman, and Tsang [10] , usually designated by RANMAR. Some general principles, which indicate a precise limitation on the possible improvement obtained using combination, are applied to determine, in this instance, a shortest vector in Λ (d) for d up to 100. We will use the following terminology. An isomorphism between the two ge-
All properties of interest to us are invariant under such an isomorphism. For instance, the associated lattices Λ d are identical. If the state spaces have the additional structure of an abelian group, we will say that the isomorphism is additive if it preserves the group law. We recall that the volume of a lattice is the volume of the parallelepiped generated by one of its bases. For a vector v ∈ R d we denote by v ∼ the vector in R d+1 obtained from v by adding a zero coordinate. We will denote by e i , i = 1, . . . , d, the canonical basis for R d -so that e 
Additive generators
We will say that a generator (Σ, T, Φ) is additive if its state space Σ has the additional structure of an abelian group (we will write its law additively), and if the transformation
, as well as the output mapping Φ, is a group homomorphism. The generator (Σ, T 0 , Φ) is the corresponding homogeneous generator (also additive), and we refer to T (0) as the increment. More generally, if Σ ⊂ Σ is T -invariant (though not necessarily a subgroup), and therefore defining a subgenerator, then the subgroup Σ 0 generated by the set of differences σ 1 − σ 2 with σ 1 , σ 2 ∈ Σ , is T 0 -invariant and defines a corresponding homogeneous subgenerator (that is, a subgenerator of (Σ, T 0 , Φ) given by a subgroup of Σ). It will be seen, in this section, how the study of an additive generator, and its subgenerators, with their associated lattices, is reduced to the homogeneous case. Homogeneous subgenerators will be characterized algebraically in §5. 
, and this is σ + σ 2 if n is a common multiple of the periods of σ and σ 2 (relative to T 0 and T , respectively). We thus obtain σ + σ 2 ∈ Σ r 0 . Consider the mapping (not necessarily one-to-one)
Example 2.
If Σ is the forward T -orbit of σ 0 then, by Lemma 1, T ∆ (Σ ) is the forward T 0 -orbit of T ∆ (σ 0 ). Therefore, in this case, Σ 0 is equal to the subgroup generated by T ∆ (Σ ) since it is, from its definition, generated by the differences
In general, not every homogeneous subgenerator arises in this way as a Σ 0 for some T -invariant subset Σ . We have Proof. By (2), the condition is clearly necessary. Conversely, assume Σ 1 is a T 0 -invariant subgroup and that
If, for instance, T is a translation, so that T ∆ ≡ T (0), then the condition on the T 0 -invariant subgroup is that it should contain T (0), that is, it should also be T -invariant.
We define Φ Proof. For any T -invariant subset Σ , Φ (d) 0 (Σ 0 ) is the subgroup generated by all differences of pairs of elements of Φ (d) (Σ ), and the first statement follows. The
, which is equal to the reciprocal of the volume of Λ d . It is thus equal to the volume of Λ (d) .
Example 3. Assume that T is a translation and that Φ(Σ) has exponent m. Then Φ 
Multiple recursive linear congruential generators
We now consider a special class of additive generators, namely the multiple recursive (inhomogeneous) linear congruential generators (MRG for short) which can be defined as follows. Call a group an f-group if it is finite, abelian and, m being its exponent, if it admits a basis as a Z/mZ-module.
Definition 1. An additive generator (Σ, T, Φ) is called an MRG if the state space
Σ is an f-group and the output mapping Φ is generic in the sense that its kernel contains no nonzero forward T 0 -orbit.
The modulus (resp. order) of a given MRG, (Σ, T, Φ), is the exponent (resp. rank) of Σ. If m is the modulus and k the order, then the mapping Φ
is one-to-one with image Φ
k . Therefore, there exists a state µ ∈ Σ, uniquely determined by the conditions
We refer to µ as the canonical unit of the MRG. We also refer to the (monic) characteristic polynomial P ch (X) ∈ Z/mZ[X] of T 0 as the characteristic polynomial of the generaror. Clearly, a Z/mZ-basis for Σ is given by µ, T 0 (µ), . . . , T
Proposition 3. For an MRG (Σ, T, Φ)
with modulus m and characteristic polynomial P ch (X), the following conditions on P (X) ∈ Z/mZ[X], are equivalent:
In particular, P ch (X) is also the minimal polynomial of T 0 .
Proof. We have P ch (T 0 ) = 0 by the Hamilton-Cayley theorem. If P ch (X) divides P (X), then clearly P (T 0 ) = 0, and
The Euclidean algorithm provides us with polynomials Q(X), R(X) ∈ Z/mZ[X]
such that R(X) has degree less than the order, and P (X) = P ch (X)Q(X) + R(X).
It follows that R(T 0 )(µ) = 0, so that R(X) = 0, and P ch (X) divides P (X). 0) ), and
The first statement in the proposition follows. Since Φ 2 • f = Φ 1 , we obtain, using
1,0 , k being the order. It follows that f (µ 1 ) = µ 2 and, again using (4) 
The second statement follows. Assume now that the two generators are homogeneous with the same modulus m and same characteristic polynomial P ch (X). Since, by Proposition 3, we have for P (X) ∈ Z/mZ[X] that P(T 1 )(µ 1 ) = 0 (resp. P(T 2 )(µ 2 ) = 0) if and only if P ch (X)|P (X), the correspondence P (T 1 )(µ 1 ) → P (T 2 )(µ 2 ) is well defined, and is the required isomorphism between the two generators.
If we lift the characteristic polynomial
, and put
. . , will satisfy the recurrence
In fact, u i and b belong to (1/m)Z/Z if m is the modulus of the MRG, and our generator is essentially identical to a multiple recursive (inhomogeneous) linear congruential generator-as defined, for instance, in [3, 6, 7, 11] -for the (arbitrary) modulus m. It follows from Propositions 2 and 4 that the lattices Λ d and Λ (d) associated with an MRG are determined by its modulus and characteristic polynomial. In particular, if we put, for d > k,
we have the following.
Proof. Since Φ is generic, Φ (d) has volume equal to m k and, since the proposed vectors clearly belong to Λ (d) and generate a lattice also of volume m k , this lattice must be Λ (d) .
Products and extensions of MRGs
From a given finite family of generators (Σ i , T i , Φ i ) one may form the combined generator
(Other combination methods have been used in actual implementations [1, 6, 9] but they are often well approximated by combinations in the above sense.) The lattices Λ d (resp. Λ (d) ) associated with a combination are the sum (resp. intersection) of those associated with the components.
The combination of MRGs of the same order, and with pairwise relatively prime moduli, is again an MRG. Its modulus m is the product of the component moduli m i , and its characteristic polynomial P ch (X) is determined by the conditions P ch (X) ≡ P ch,i (X) (mod m i ), where P ch,i (X) are the component characteristic polynomials. More generally, if the orders k i are not all equal, it would seem natural to consider an MRG of orderk = max i k i with a characteristic polynomial P ch (X) satisfying P ch (X) ≡ Xk −ki P ch,i (X) (mod m i ). However, the state space of such an MRG has a cardinality larger than that of the combined generator, and the question arises of determining the exact relation between these two generators. This can be done by introducing the notion of a nil-extension of MRGs.
An extension of a given generator (Σ, T, Φ) is a generator (Σ,T ,Φ) with Σ ⊂Σ, and such that T =T and Φ =Φ over Σ. When both generators are additive, we will say that the extension is additive if Σ is a subgroup ofΣ. The increments T (0) and T (0) are then equal and contained in Σ. In case of two MRGs with equal moduli, an extension will be called a nil-extension if it is additive and if anyT 0 -orbit inΣ eventually ends up in Σ.
Lemma 2.
Assume that (Σ,T ,Φ) is a nil-extension of (Σ, T, Φ). Letk,P ch (X),μ, and k, P ch (X), µ be their respective order, characteristic polynomial, and canonical unit. If the integer i is sufficiently large, so thatT 
Proof. AssumeT

If a nil-extension satisfies (with the above notations)Tk
−k 0 (Σ) ⊂ Σ, we will say it is minimal.
Proposition 6. An MRG of order k admits a unique (up to an additive isomorphism) minimal nil-extension of order k for each integer k > k.
Proof. Let (Σ, T, Φ) be the given generator, m its modulus and µ its canonical unit. Embed Σ as a direct factor in an f-groupΣ of rankk and exponent m. Choose a supplement Σ ⊂Σ to Σ (so thatΣ = Σ ⊕ Σ ), and choose a Z/mZ-basis, µ 1 , . . . , µk −k for Σ . DefineT :Σ →Σ so that its restriction to Σ is equal to T , and such thatT 0 is a homomorphism satisfying the conditionsT 0 (µ i ) = µ i+1 , i = 1, . . . ,k − k − 1, andT 0 (µk −k ) = µ. DefineΦ to be equal to Φ on Σ, and 0 on Σ . Then (Σ,T ,Φ) is the required extension. Two nil-extensions of the same order are (additively) isomorphic by Proposition 4 and the preceding lemma.
We can now define the product MRG of a finite family of MRGs (Σ i , T i , Φ i ) of possibly distinct orders k i , and with pairwise relatively prime moduli, as the combination of their nil-extensions of orderk = max i k i . This product is an additive extension of the combined generator, and is determined up to an additive isomorphism. Any orbit in the product is eventually absorbed by the combination so that the two generators have the same set of recurrent states, namely i Σ r i .
A ring structure for MRGs
One can introduce a ring structure in several ways in the state space of an MRG (Σ, T, Φ) so that the action of T 0 is the same as multiplication by some fixed element of Σ. The following proposition singles out one of them, and we call it the canonical ring structure.
Proposition 7.
There exists a unique ring structure on the state space of an MRG (Σ, T, Φ) such that (i) its underlying additive structure is the given group structure of Σ, (ii) for a fixed τ ∈ Σ, T 0 (σ) = τσ for σ ∈ Σ, (iii) the canonical unit µ is the unit element of Σ.
We then have τ = T 0 (µ).
Proof. By Proposition 3, the mapping P (X) → P (T 0 )(µ) induces a group isomorphism
The natural ring structure of Z/mZ[X]/(P ch (X)), transferred to Σ via (6), satisfies the three conditions. Conversely, if Σ has such a ring structure, then P (T 0 )(µ) = P (τ) for all P (X) ∈ Z/mZ[X], and (6) is therefore a ring isomorphism.
We notice that, in terms of the canonical ring structure, a T 0 -invariant subgroup is the same as an ideal of Σ, while the subgroup generated by the forward T 0 -orbit of some element in Σ is the principal ideal generated by this element. In view of Propositions 1 and 2 (see also Example 2), it is then of interest to have some insight into the ideal structure of our ring Σ. Letτ be the image of τ inΣ. LetP ch (X) ∈ F p [X] be the polynomial obtained from P ch (X) by reducing its coefficients modulo p, andP ch (X) = jP ej j (X) be its factorization into irreducible polynomials. Putp j = (P j (τ )), and let p j be its inverse image by (7) in Σ. The ideals p j are precisely the prime ideals (they are all, in fact, maximal) of Σ. More generally, any ideal of Σ containing p is the inverse image by (7) of an ideal ofΣ of the form jp e j j , 0 ≤ e j ≤ e j . The set of ideals of Σ exhibited so far is still not sufficient to account for all ideals of Σ. For instance, if m = 4 and τ has minimal polynomial P 0 (X) = X 2 , then (τ) does not contain and is not contained in p = (2). Neither is it a product of ideals containing p. A simple situation however arises ifP 0 (X) ∈ F p [X] is irreducible. The ideals p e , e = 1, . . . , e − 1, are then the only proper ideals of Σ. Indeed, since p is then the only maximal ideal, any element not contained in it is invertible. Let a be any ideal of Σ, and p n the highest power of p containing a. Then a contains an element of the form p n α with α ∈ p. Since α is then invertible, we obtain a = p n .
Short vector search strategies
The search for short vectors in the dual lattices Λ (d) to Λ d is often facilitated by the following facts, valid for arbitrary (combined) generators:
(a) The dual lattices associated with a generator satisfy
(b) Shift invariance:
(c) Let Λ (d) be associated with a combined generator, while Λ
is strictly larger than the degree of P 1 (X)P 2 (X) (resp. P 1 (X), P 2 (X)), then P 1 (S)(e 1 ) ∈ Λ (d1) 1
These two properties imply (a) and (b) as their respective dual counterparts while (c) follows from (a) and (b). We notice that (c) gives a limitation on the improvement obtainable for a given random number generator by the process of combination. Indeed, short vectors in the component lattices Λ can be expressed respectively as P 1 (S)(e 1 ) and P 2 (S)(e 2 ), where the polynomials P 1 (X) and P 2 (X) have small coefficients. Their product P 1 (X)P 2 (X) should then also have small coefficients, and provide a short vector P 1 P 2 (S)(e 1 ) ∈ Λ (d) (see the example below). Given a basis of 'short' vectors for Λ (d−1) , (a) allows one to 'extend' it to a basis of Λ (d) without increasing the length of the vectors (see the next proposition). The extended basis can be given explicitly in case of a subgenerator of an MRG when d exceeds its order. Proof. By (a), any w ∈ Λ (d) of minimal (positive) distance to the hyperplane R d−1 × {0} will form, together with any basis of Λ (d−1) × {0}, a basis of Λ (d) . In case of a subgenerator of an MRG, we note that, by Proposition 2, all corresponding lattices Λ (d) have the same volume for d ≥ k. We further have, from Proposition 5, that
. Since the lattice generated by this vector and Λ (d−1) × {0} has the same volume as Λ (d−1) , and therefore as Λ (d) , it must be equal to Λ (d) .
In the case of an arbitrary generator, an efficient algorithm for the determination of the vector w in the above proposition will be given in the last section.
Example 5. We consider the following two MRGs. The first is homogeneous, has modulus m 1 = 2 24 and characteristic polynomial X 97 + X 64 − 1. We denote by µ 1 its canonical unit. The second has modulus m 2 = 2 24 − 3 (a prime), characteristic polynomial X − 1, and is inhomogeneous with increment −7654321µ 2 , where µ 2 denotes its canonical unit. Their product MRG has modulus m = m 1 m 2 and characteristic polynomial
It is thus of order 97. Let Σ be its state space. Then Σ r is the state space of the corresponding combined generator. This combined generator closely approximates (the error is less than 3/m 1 ) the generator proposed by Marsaglia, Zaman and Tsang [10] , which is also known as RANMAR (see [4] ). We introduce on Σ r (also equal to Σ r 0 ) the product ring structure of its components. The unit element is µ r = (µ 1 , µ 2 ), and its ideals (each ideal in the product is the product of component ideals; see also Example 4) are then of the form (nµ r ), where the parameter n is a positive divisor of m. Table 1 gives spectral test results up to dimension d = 100, in the form of the reciprocal of the length of the shortest non-zero vector in Λ (d) , for the product MRG (line l = −1), and for the homogeneous subgenerators contained in Σ r and satisfying the condition of Proposition 1. The latter have, as state spaces, ideals of Σ r with parameter n = 2 l , l = 0, . . . , 24, and the results appear on the lth line. The dimension is indicated on the top line. Table 1 . Successive hyperplane distances for RANMAR
The lattices Λ (d) (5)). This splits the lattice Λ (d) and, since
we are reduced to examining the lattice Λ (d) ∩ V 2 with V 2 of dimension 4 (resp. 8, 12) for d = 98 (resp. 99, 100). For instance, if d = 98, we are led to the lattice in R 4 generated by −93824969867265e 1 − 187649956511743e 2 − 187649956511744e 3 + e 4 , me 2 , me 3 , and me 4 . Thus, applying the spectral test to our product generator is easily performed by standard algorithms (such as in [2] ), at least if the dimension is not much larger than 97. The results for this case are indicated in line l = −1 of the table.
For later use, we define
We now turn to the case of the combined generator (the subgenerator over Σ r = (µ r ), case l = 0). The lattice Λ (d) is the intersection of the lattices Λ (d) associated with the two components, and described by Proposition 5 and Example 3, respectively. If d ≤ 97 it is thus equal to
Since any vector in this lattice of length less than m has at least two nonzero coordinates, the set of vectors of minimal length must be {m 1 (e i − e j ) | i = j}. If d = 98, we have in Λ (d) , according to (a) and (b), the vectors m 1 (e i − e j ) for all i = j. We also have the vector m 2 (−e 1 + e 65 + e 98 ) by applying (c) with P 1 (X) = X 97 + X 64 − 1, P 2 (X) = m 2 , and using Proposition 5 and Example 3. From these we obtain that the following system of vectors (1 ≤ i ≤ 98): Table 1 , lines l = −1 and l = 0), we remark that the product generator has, for d = 99 and 100, much smaller values (maximal hyperplane distances) than its subgenerator over the set of recurrent states. Thus, when studying the combined generator, one should beware of confusing it with the product generator since the former has a much coarser lattice structure.
The homogeneous subgenerators defined over (2 l µ r ), 0 < l ≤ 24, are (additively) isomorphic to the combined generator with the same components, with the difference that the first component now has modulus m 1 /2 l . If l = 24, this combined generator is degenerate since it is reduced to its second component. Its associated lattice Λ (d) is described in Example 3, and has a shortest vector of length √ 2 in every dimension. So we will assume that l < 24. If d < 98 or if d = 99 or 100, the same arguments as for the case l = 0 show that the shortest vector in Λ (d) has length (m 1 /2 l ) √ 2 or √ 6 respectively. If d = 98, we must consider separately two cases. We first assume l = 1, 2 or 3. The argument is then similar to that used above in case l = 0. However, one should use as a lattice basis for Λ (d) , instead of (8), the system (1 ≤ i ≤ 98): e 98−h ) + 3(e 1 − e 65 − e 98 ).
We have w i = (m 1 /2 l )w i + with w i = e i + 
